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The basic principle of CIP, as a method to solve hyperbolic equations, is re-examined from
a different viewpoint and the scheme is modified into an explicit finite difference form. The
method gives a stable and less diffusive result for square wave propagation compared with
FCT and a better result for propagation of a sine wave with a discontinuity. The scheme is
extended to nonlinear and multi-dimensional! problems.  © 1987 Academic Press, Inc.

1. INTRODUCTION

In a previous paper, we proposed a less-diffusive and stable algorithm, cubic-
interpolated pseudo-particle (CIP) [1], for solving a linear hyperbolic equation. In
the scheme, a quantity within a mesh is interpolated by a cubic polynomial. Since
the gradient of the quantity is a free parameter, the scheme is completely different
from the spline method [2, 3]; in the latter method, the gradient is calculated by
assuming continuity of the quantity, the first derivative and the second derivative of
the quantity at the mesh boundaries, and is independent of the equation. In con-
trast, the first derivative in the CIP is calculated by the model equation for the
spatial derivative and is chosen so that it is consistent with the time evolution of the
given equation.

Since the CIP does not use the “limiting” procedure employed in the FCT [41, it
does not suifer from a fictitious clipping in a triangular wave. This was
demonstrated in propagation of a sine wave with a discontinuity in the previous
paper [11.

The present paper gives generalization of the CIP scheme to nonlinear problems
with non-advective terms and to multi-dimensional problems. In Section III, the
basic principle of the CIP is briefly explained from a different viewpoint from the
previous paper [1]. In Section III, the CIP is extended to nonlinear problems. In
Section IV, one-dimensional shock tube problems in plane geometry are used for
test runs. The CIP and various other schemes are compared with the analytic
solution. In Section V, the scheme is extended to a two-dimensional configuration,
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with a few numerical examples. The CIP scheme is straightforwardly extended to
multi-dimensional problems by time splitting.

II. Basic PrincipLE OF CIP

In this section, the basic principle of the CIP algorithm is briefly explained by
comparing it with other schemes. For this purpose, let us use a simple hyperbolic
equation

3f/ot + ¢ ofjox =0 (1)

where ¢ is constant. Equation (1) is integrated over an interval
(X: 12> Xi v 102), (25 1,4 1) tO ODtain

[ L )= ) ) = —AF, ot AF, @)

Xi—1/2
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where the superscript n and the subscript i on f mean the value of f at t=1¢, and
x = x;, respectively. In the right-hand side of Eq. (2), the profile of fis assumed to
remain rigid during the interval A4¢ (=¢,,,—1,) and to propagate by a distance
cdt[1].

It is interesting to examine the assumptions made on the spatial profile of f(x)
for the integration of Eq. (2) in various schemes. In an example given in Fig. 1, let
the solid line be an actual profile of a wave, the dashed line be an employed profile
in a scheme given below, and the shaded areas be AF. At first, let us begin with a
centered difference scheme. The assumptions made are as follows;

(1) left-hand side: f(x) is constant and | fdx = f; 4x,

(2) right-hand side: although f(x) is linearly interpolated as shown by the
dashed line in Fig. 1a, only the values at x = x,, ,,, are used to estimate AF; that is,
the incoming and outgoing fluxes AF are given by the shaded rectangular areas and
hence AF;, ;= fir1pc At=(fi+ fia1) € A1/2.

This leads to
St —=fr1=—(6/2)(fis1—Sim1)s (3)

K being c At/4x.
The second example is the Lax—Wendroff scheme [5], where the assumptions
employed are as follows;
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F1G. 1. Schematics of flux calculation in (a) the centered finite difference and (b) Lax-Wendroff
schemes.

(1) left-hand side: the same as the centered difference,
{2) right-hand side: f(x) is linearly interpolated as shown by the dashed line

and the fluxes 4F are given by the shaded areas in Fig. 1b and hence
AF,  p=fit+ iz ) c A2+ (fi— fiy ) 7 A2,

This leads to

[iot == =k)2- (fioi— fi )62 (fo = 25+ fi 1) (4}

which can be modified into a two-step form as in the two-step Lax-Wendroff
scheme.

The above derivation clearly shows the assumptions made in the schemes; it is
interesting to see that the Lax—Wendroff scheme is only a slight modification of the
centered difference as seen from the comparison between Figs. 1a and b.
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F1G. 2. Propagation of a square wave after 1000 time steps, x being 0.2, 1000 cycles, with up-wind,
Friedrichs-Lax [6], leap-frog, Lax-Wendroff, Fromm [7], compact-differencing [8], phoenical-

SHASTA [9], and CIP.
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Other than those schemes, there exist a number of schemes available at present
and shown to be useful. In Fig. 2, some of those schemes are introduced and tested
with a typical problem, square wave propagation with x=0.2; the profiles are
shown after 1000 steps. In the leap-frog and the Lax—Wendroff schemes,
overshooting and the so-called phase error are significant. Let us consider the cause
of this error. In both schemes, although the spatial profile of f is linearly inter-
polated and AF is calculated based on the profile shown in Fig. 1, the profile on the
left-hand side of Eq. (2) is assumed to be flat. If 4F,, ), is less than 4F, ,, for
c¢>0, the value f, in Fig. 1 should always increase according to Egq. (2} and
overshooting should occur; the spatial profile of f on the left-hand side of Eq. (2} is
constant (/= f;) and hence AF; ,, —A4F, ,,, (>0) is used to increase f; uniformly.

In contrast, if the spatial profile of f on the left-hand side of Eq. (2) is correctly
described, overshoot does not occur as illustrated in Fig. 3; the solid and dashed
lines show the profiles of a wave at 1=+, and ¢, , =1, + ¢ 4¢, réspectively. Out-
going and incoming fluxes (Eq. (2')) are given by the shaded areas C and A4 plus
C’, respectively; €’ is the same as C. If the real profiles are used in the integration
on the left-hand side of Eq. (2), Eq. (2) means that both the area A’ and the dif-
ference between the outgoing and incoming fluxes, which is given by the area A4, fill
the area B without causing any overshoot. Consequently, it is essential to predict
correctly the profile within a mesh at an advanced time r=1,, ;. In the PIC
{10, 117], a number of particles in a line represent a spatial profile of /. Then, time
evolution of the spatial profile, which is only a spatial translation by ¢ 4¢ in the
present case, is well described by the particles’ movement; the spatial distribution of
the particles after they move gives the spatial profile of f/ at the next time {z=1,, ;).
If it is possible to imitate this movement of many particles by a simple function, it
will provides a stable and less-diffusive scheme.

AN
~
: +——F<4 =
Xi-1 Xi  Cat Xia

FiG. 3. The basic principle of CIP. The solid and dashed lines mean the profiles at t=1, and
i=1,,, respectively. Both the area 4’ and the difference between the outgoing and incoming fluxes
(A=A+ C" —C) are used to fill the area B.
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In the CIP method, the spatial profile of f within a mesh is approximated by a
cubic polynomial. Then the integration on the right-hand side of Eq. (2) is the same
as that due to a particle’s translation in space by ¢ At. At the next time step (¢, ),
that is, after the profile moves, a new polynomial within a mesh is required in order
to calculate the term on the left-hand side of Eq. (2). Since the boundaries of an old
polynomial shift by ¢ 4¢ from the cell boundaries, the polynomial at ¢ =1, cannot
be used as the profile of the quantity within a mesh at r=t¢,, ;. Hence, a new cubic
polynomial must be generated to approximate a new profile as well as possible.

In ordinary cubic-spline interpolation, continuity of the value f, the first
derivative f’, and the second derivative f” is required to generate the piecewise
cubic polynomials from the data given at some discrete points. This procedure is
not suitable for the present problem, because the profile generated by the method is
not consistent with the given equation. Even in recent work on spline interpolation,
this physical requirement was neglected and the efforts were limited to constructing
well-posed and monotonic splines [2, 3]. The CIP method relaxes the requirements
on continuity, that is, requires continuity only of f and f* at the mesh boundaries.
Then f and f' at some discrete points are used to generate the piecewise cubic
polynomials. The additional free parameter /' offers a tool to approximate the par-
ticle’s movement as mentioned in the previous paragraph. This can be done by
calculating the time evolution of ' by the equation

of' ot + ¢ of '/ox =0, (1)

as well as that of /by Eq. (1). In the previous paper [ 1], Eq. (1') was not solved by
the difference method but it was proposed to use the first derivative of a cubic
polynomial f"(x) at x=x,— c At for f""*!; this corresponds to the translation of
the profile (f™(x)) by ¢ 4.

Here, we summarize the finite difference form of the CIP as

H;_Hl+G1'_l+1=Hf+G;’—(AFHI/Z—AFFI/Z)/AX, (5a)
H,=1/192(18f,, | + 156f;+ 18f,_ 1), (5b)
G;=5/192(f}_— fi+1) 4%, (5¢)

AF,, 1= (—K/8+ K38 + K36 — KI/4) £\ | Ax*
4 (18 + 162/8 — K36 — 16%/4) £1 Ax?
+ (k/2 — 3K%/4 +x*2) [, Ax
2434 — i) 1 Ax. (5d)

When all /7 and f;" are given, the value of the right-hand side of Eq. (5a) is
calculated. However, both /! and f'*** cannot be calculated at once from this
equation alone. Thus /%! is determined by Eq. (1) as

= fi(x,—c Aty 1) (6)

H
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Hence the equation which must be solved is the tridiagonal matrix for f;, |, f;, and
fi_iatt=1t,,, in Eq. (5a). Since the solution Eq. (6) is only an approximate one,
it will depart from the real solution after a long time and hence recorrection is
required to adjust it to the value f;; in the previous paper {17, this recorrection was
done once every 50 steps.

Before closing this brief review, we must make an important comment in solving
Eq. (5a). Since tridiagonal inversion is slow when it is employed in vector
machines, it should be avoided in the code. This can be done in the CIP. H**+! in
Eq. (5a) is rewritten as

Hit = [t Hn), (7a)
Hin)=GB i =2+ i) {76)
Since H is smaller by a factor of - than f, a rough approximation can be used in
estimating A. Thus, the quantities having ~ are calculated by shifting as in Eq. (6)

because Eq. (1) is the same as Eq. (1') except for the difference of f and /.
According to this equation,

fi=f(x;—c a1, 1,). (8)
Consequently, the equation to be solved is
[ =H )+ Gy — G+
_(AFI'+1/2“AF[71/2)/AX, (9)

instead of Eq. (5a). We found that Eq. (9) gives the same result as Eq. (52) and it is
used in Fig. 2.

II1. GENERALIZED ONE-DIMENSIONAL CIP

A large class of equations can be written in the form

Of/0t + o( fu)/ox = g. (10)

Here f and g can be vector quantities. The inhomogeneous term g includes, for
example, the pressure work in the hydrodynamic equation and the heat conduction
in the energy equation and so forth. Furthermore, u is sometimes written in terms
of fand hence Eq. (10) becomes a nonlinear equation.

In this section, we extend the CIP algorithm to the equation given in Eq. (10).
The algorithm is divided into two phases, the Eulerian and the Lagrangian phases
as in the PIC and SOAP codes.

1. Eulerian Phase

Equation (10) is solved without the advection term
fr=fr+grae (1)
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The CIP algorithm needs information about the first spatial derivative of /. In the
previous paper [1], we proposed to use the equation

of'/ot = dg/ox, (12)
for this purpose. We do not need to use an elaborate difference scheme in equation
because of the factor 35 in Eq. (5¢) and hence Eq. (12) may be solved with a cen-
tered finite difference. Although Eq. (12) works well, another simple procedure is
preferable for general purposes because dg/0x becomes a third order derivative if g

is the heat conduction term and is written, for example, as 9°f/0x> Here, we
propose to use

fir=fr+ = =S+ )24y, (13)
Although this procedure is the same as Eq. (12), the procedure is greatly simplified;

~ only the values /* given by Eq. (11) are used. Furthermore, the procedure offers
another advantage. In the coupled hyperbolic-parabolic equation

0f/01 + ofujox = DE*f1ox>, (14)

the spatial derivative /' can be advanced in time by Eq. (13) after the nonadvective
term is solved implicitly as

SE=L1HDAYAP([F =2 X+ [ ). (15)
Thus the CIP can be used even if DA1jAx*> 1.

2. Lagrangian Phase

In this phase, the advection term is calculated by the CIP algorithm as given in
Eq. (5¢), (5d), (6), (7b), (8), and (9), but k =k, =u, ., 4t/Ax is now space-depen-
dent, and f”", f'" in Eq. (9) are replaced by f*, f'*. The shifting process as in
Egs. (6) and (8) can be done by the spatial translation of the cubic-interpolated
profile /*(x) by u, At as

fi=a X +b.X+ 1% X+ ¥, (16)
it =3a, X7 +2b, X + fi* |, (17)
where
X=Ax—u; At (18)
ay=(f1*+ [ )/ AC =2 F — 1 1)/4x°, (19)
by=3(fF—fr )/Ax> = (f* +2f 1% 1)/4x. (20)

IV. SHock WAVE PROPAGATION IN PLANE GEOMETRY

In this section, the CIP algorithm is applied to the hydrodynamic equations;
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0p/0t + Opujor = —dpufr, {21a)
O0m/ot + Omu/Or = —3p/or — Smuyr, (21b)
OE/0t + 0FEu/0r = —0pu/or — O0(E + p) u/r, (2ic)

p=(y— INE—mu/2), (21d)

where p, m, E, u, and p are the density, momentum, total energy, velocity, and
pressure, respectively, and v is the specific heat ratio. These equations can be used
for plane, cylindrical, and spherical geometries by letting 6 be 0, I, and 2, respec-
tively. In this section, the problem is limited to a plane geometry.

The scheme proposed in Section IIl is checked by using the following test
problem: the initial condition is p =1, E=1 for the leftmost 100 zones and p =0.5,
E=0 for the other zones; ¥u=0 and y=5/3 in all zones. The solution of this
problem is given in Appendix. As is well known, overtaking occurs at a shock front
if there is no dissipation term in Egs. (21). In the discussion of such dissipation, we
should distinguish the nonlinear problem from the linear one. In the linear problem
the CIP algorithm does not need any dissipation even at a steep gradient region.
This is due to the fact that the CIP scheme tries to correctly solve the given
equation. The situation becomes different in the nonlinear problem; the dissipation
term is physically required in order to obtain a single-valued function and ali
schemes use it whether it is explicit or implicit.

The three major forms of explicit numerical dissipation are the artificial viscosity,
the “FCT” [4] and the “hybrid” {137 schemes. The limiter in the FCT sometimes
leads to an incorrect result as pointed out in the review by McRae ez al. [14]. The
hybrid scheme uses a diffusive scheme at the shock and 2 higher order scheme at
other regions. In this paper, all three dissipation methods are examined.

i. Artificial Viscosity
An artificial viscosity of the form [12]

0=0+0>, (22}

is used in the pressure term in Eqgs. (21b) and (21c), where

—apC(0u/ox) Ax if du/ox <0 .
= {23a
Q: {O otherwise, (=28
—ap(du/dx)* 4x* if du/bx <0
= . 23b
z {0 otherwise (23b)

Heve o { 1 10t

SEL L0 LU 4Na 47 18 [1Xed 10 U.1 WITN AX = (.U, DIZNT OVErsnoots Sl remaim penmna
the shock front and the contact surface. For comparison, an analytical solution is
shown by the dashed line in the figure. It should be noted that the value a=1.0 is
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FiG. 4. The shock tube problem in a high Mach number regime using (a) CIP (artificial viscosity),
(b) CIP (hybrid), (c) phoenical-SHASTA, (d) MacCormack, and (e) up-wind schemes.

quite small compared with that used in other schemes; in Fig. 4d the result
obtained with the MacCormack scheme [15] is shown, a being the same as in
Fig. 4a.

ii. Hybrid Scheme
For a flux 4F in Eq. (9), the upstream flux

Kkf F f >0
AF;, = 24
Fivin {;c * otherwise (24)
is used instead of the flux (Eq. (5d)) in the region, where
dufdx <0, udplox <0, (25)

is satisfied. Equation (25) only tracks the shock front well. It should be noted that
only 4F is changed while the other CIP algorithm is not changed. The result with
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this method is shown in Fig. 4b. Compared with Fig. 4a, the contact discontinuit
becomes slightly diffusive and the oscillation occurs in the area where the velocity is
constant ahead of the expansion region. This oscillation is due to incorrect
switching of Eq. (24) and is improved if (v, —u,)/lu; ., + u;} <0.05 is used instead
of (u;,—u;)<0(0u/ox <0). The diffusion at the contact discontinuity is due to
diffusion by Eq. (24) in the initial phase. However, the profile at the shock front is
better than that in Fig. 4a. As shown in Fig. 4e, the upwind scheme alone cannot
produce such a sharp discontinuity at the contact surface.

. FCT

Since it is of no use to incorporate the limiting procedure with the CIP, which
only makes the scheme complicated, the “phoenical-SHASTA” [9] scheme 1s used
for comparison and its result is shown in Fig. 4c. The steepness of the shock front 1s
almost the same as that by the hybrid CIP, while the contact discontinuity becomes
more diffusive. Although no overshooting occurs at the shock front, the density
behind the shock wave is unfortunately larger by about 5% than the analytical
solution. It may be possible to use a different limiting procedure, for example, the
fimiting proposed by Zalesak [16]. However, it is true that we must be careful in
using the limiting procedure.

The test problem given above is a special one because the Mach number of the
shock wave is infinite. 1t is worthwhile to test the scheme in a lower Mach number
regime. Figures 5 and 6 give other examples: the initial condition is p=1, F=2.5
{p=1) for the leftmost 100 zones and p=0.125, £=0.25 (p=0.1) for the other
zones; ¥ =0 and y= 1.4 in all zones and 4x =0.01. This example was used in Sod’s
review [177]. Here, open circles are the result with the CIP and the solid line shows
the analytical result, which 1s given in Appendix. In Fig. 5, the artificial viscosity is
of the type given in Eq. (23). Although the contact discontinuity is successfully
described, the shock front is quite diffusive. This behavior is attributed to the first
order viscosity given by Eq. (23a). Since in Fig. 4 the pressure in front of the shock
wave 1s zero, no significant diffusion occurs there. In contrast, in Fig. 5 the sound
speed in front of the shock wave 1s as fast as that behind the shock wave and hence
Q, causes diffusion there. This diffusion can be reduced as shown in Fig. 6 if C, in
Hq. (23a) is replaced by lul, since u is zero in front of the shock wave.

From these test problems, it is clear that the CIP can describe sharp discon-
tinuities without any special techniques except for the shock front. Associated with
the shock front, further improvement is presumably expected with a different
artificial viscosity or other techniques that we have not tried.

V. MULTI-DIMENSIONAL CIP
It is generally known that a one-dimensional scheme can be easily extended to

multi-dimensions by using the time splitting technique. However, this technigue
should be applied to the CIP with care because the CIP method uses the gradient

581/70/2-7
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FiG. 5. The shock tube problem in a low Mach number regime with CIP; the artificial viscosity in
Eq. (23) is used. “Energy” in the right-bottom figure means the specific internal energy [ =p/p(y —1)].

of the dependent variable as a frec parameter. For instance, let us consider a two-
dimensional convective equation such as

of1ot + ¢, offdx+c, 3fjdy =0, (26)

where ¢, and ¢, are the velocities in the x direction and the y direction, respectively;
now both are temporarily taken to be constant. The time splitting techniques means
that Eq. (26) is split to be

Ji=L(x) f7, (27a)

fitt =Ly 1, (27b)
where L(1) is an operator of any scheme which gives the solution of the equation

offot+ ¢, 0f104 =0. (28)
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FiG. 6. The same problem as in Fig. 5 with CIP but C, in Eq. (23a} is replaced by |u|.

In the CIP scheme, Eq. (27) should be modified, because the scheme needs the
information on the spatial derivative of f. That is, in solving Eq. (27b), Eq. (9)
should be applied to the y direction with the aid of Egs. (5¢), (5d), (6), (7b), and
(8). However, df/dy is not yet known because in Eq. (27a) only df/dx is calculated
according to Eq. (6). Consequently, some method is required to estimate 9f/dy. In
order to clarify the computing process, let us introduce a “CIP operator” C(4),

(sprerar) =D (fs) =) (29)

which represents the process given in Egs. (5¢), (5d), (6), (7b), {8), and (9). By
using this expression, Eq. (26) can be solved as
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A J"
(7)-e(])
g=>5(x, y)q", (30b)

a4+ 1 e
(fm):C(y) (f> (30c)

q q
p"rt=S8(y, x) p, (30d)

where p = 0f/0x and g = df/éy.
Here the operator S(4, u) gives the solution of the equation

0/a1[of1du] + c, 8/0AT3f1ouT =0  (u, A=>xor y, but u+A). (31)

That is, the spatial derivative of fin some direction is convected toward the perpen-
dicular direction. In the calculation described below, we found that the result is
insensitive to the method used to solve Eq. (31) and hence the donor-cell-type finite
difference scheme is used.

Figure 7 shows the propagation of a square wave in the direction at an angle of

T (a) (b)

15 meshes|

50 mesH

> [15Smeshes

o
(=]

FiG. 7. Linear wave propagation in the direction 45 degrees from the axis; (a) zones used, (b) the
initial profile, and (c) the profile after 1000 time steps.
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45° to the axis. The parameters used are Ax =4y =10, ¢, =¢,=1.0, and 4r=02,
and the figure shows the profiles at the initial step and after 1000 steps. The
gradient correction was inserted in the initial 10 time steps and once every 50 steps
as in the previous paper [1]. Thus, the CIP algorithm has been extended suc-
cessfully to two-dimensional problems by applying sequentially one-dimensional
CIP algorithms. This procedure has a great advantage because the subroutine for
the CIP solver can be used in any number of dimensions and hence the program is
largely simplified. This scheme works well also for the solid body rotation test
applied to Zalesak’s fully multi-dimensional FCT {16]. Figure 8 shows the profile
at an initial time and after one revolution with the CIP; the conditions for the
calculation are all the same as those in Zalesak’s test run. It should be noted that
the older form of FCT [4, 9] cannot reproduce the resuit shown here and the CIP
method can give a similar result to the Zalesak’s method in less CPU time.

I {a} 5 meshes 45 meghes

§ 25 ’\h
meshes

@ +

g 5 meshes )

o

&

-

1

100 mesheg ——————]

FiG. 8. Solid body rotation as in Ref. [16]; (a) zones used, {b) the initial profile, (¢) CIP without
gradient correction [17 after one revolution, and (d} CIP with gradient correction.
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V1. CoNcCLUSION

In this paper, we have re-examined the basic principle of the CIP from a different
viewpoint and found that the scheme can be modified into an explicit difference
form; hence the scheme can execute efficiently on vector machines. The scheme was
extended to nonlinear and multi-dimensional problems. In the nonlinear problem,
the flux switching at the shock front gave a satisfactory result for a one-dimensional
shock tube probiem, although a further improvement should be expected by choos-
ing a better dissipation term. The CIP scheme proved to be straightforwardly exten-
ded to multi-dimensional problems by successive application of one-dimensional
CIP schemes; hence the problem in any number of dimensions can be solved by the
subroutine for the one-dimensional CIP.

APPENDIX

In order to give a concrete example, it should be better to summarize the Rieman
problem here, although it is available in literature. Figure 9 represents the con-
figuration used in this problem. Figure 9a shows the initial conditions; a diaphram
is placed at x =0 between the regions 1 and 5. At 1> 0, the profile will be modified
into that in Fig. 9b.

If the Mach number M of the shock wave located at x = x, is defined by use of
the isothermal sound speed (p/p)"/? at the region 5, the Rankine-Hugoniot relation
leads to

Region 1 Region 5

P4

P2

i
X=0

b

Fig. 9. The Rieman problem: (a) the initial condition, (b) the profile at > 0.
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&:2M2~(y—1)

A
Ps y+1 ’ (A1)
Pa (y+ 1) M?
Pa_ T IM A2)
0 DML (A2)
UM =) [ po)”

T et i R — 2

s (v+1)M<ps> ' (A3)

At the contact surface (x=x,), the pressure and the velocity should be con-
tinuous. Thus,

Uz = Uy, {AL"}
P3= Pa; (AS)

In the adiabatic expansion region (region 2), a simple relation is derived for a
simple wave; u=u(p), that is, u is a single-valued function of p. After du/dr and
dufot are transformed into (du/dp)(dp/or) and (du/dp){0p/0t), Eqs. {21a) and (21b)

reduce to an equation
1/2 o
o)

ot P o
if the function u(p) satisfies a relation
d 1 12
4 (3’3> . (AT)
dp p\p

This last expressions gives

1/2 (7 —1)2

P 2 [ <.03> ]
uy=1=>— — | == . AR)
’ <P1) y~—1 2 (A8

Equation (A6) means that the rarefaction front (x=x,) and the boundary x=x,
move with the velocities —(yp,/p1)"? and u; — (yps/p;)"% respectively.
Since the adiabatic relation

p3/pi=(ps/p)’ (A9)

holds, u, is related to p, as

us:(&yﬂ 2 |:1W<£§>(7’*1)/2v] (AL0)
pi/) -1 12 \

When Egs. (A1) and (A3) with (A4) and (AS) are substituted into Eq. (A10), we
obtain the relation which determines the Mach number

M~y <p5p1 )‘/zz . ‘<2M2— {y— 1)@)‘“”’”’

L
=D T8 \prps CESR)

(A1)

In Table I, the numerical values used in Figs. 4 and S are summarized.
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TABLE I
Fig. 4 Fig. 5
¥ 1.4 3
P 1.0 3
Py 1.0 1.0
DPs 0.1 0.0
Os 0.125 0.5
M
.~ Eq.(All) 1.958 oo
shock speed 1.751 0.7924
U3 =1y 0.9266 0.5943
Eq. (A3)
P3=D4 0.30228 0.2354
Eq. (A1)
In 0.2654 20
Eq. (A2)
P3 0.4260 0.5355
Eq. (A9)
Speed of x = x,
— (4 —0.071 —0.2616
Speed of x = x,
—C —1.183 —1.054
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